Wolfe 1982 and Sato 1991 gave t wo di erent representations of a random variable X 1 with a self-decomposable distribution in terms of processes with independent increments. This paper shows how either of these representations follows easily from the other, and makes these representations more explicit when X 1 is either a rst or last passage time for a Bessel process.
Introduction
The probability distribution of a random variable X 1 is said to be selfdecomposable, o r o f class L, if for each u with 0 u 1 there is the equality in distribution X 1 d = uX 1 +X u 1 for some random variableX u independent o f X 1 . See Sato 27 , 28, Ch. 3 , for background and references to the work of L evy and others on selfdecomposable distributions. Here we are primarily interested in real valued random variables, but this de nition, and the following general discussion and Theorem 1, are also valid for random variables with values in R d or a real separable Banach space. In this paper we discuss the relation between two di erent representations of self-decomposable distributions in terms of processes with independent increments. Following 28 , we call a process X = X t t0 an additive process if X is stochastically continuous with c adl ag paths, with independent increments and X 0 = 0. An additive p r o c e s s X such that X t+h , X t d = X h for every t; h 0 i s a L evy process.
Wolfe 31 and Jurek-Vervaat 17 showed that the distribution of a random variable X 1 is self-decomposable if and only if The process Y is called the background driving L evy process BDLP of X 1 .
2
Here the stochastic integral is understood as a suitable limit as t ! 1 of an integral R t 0 de ned by i n tegration by parts, as in 17 . Recall that a L evy process is a semi-martingale, which a l l o ws the integral in 2 to be de ned as a stochastic integral. Later, Sato 27, 28 showed that a distribution is self-decomposable if and only if for any x e d H 0 it is the distribution of X 1 for some additive process X r r0 which i s H-self-similar, meaning that for each c 0 X cr r0 We note that while a priori the integrals in 4 should be understood as integrals over e ,t ; 1 and 1; e t de ned by i n tegration by parts, formula 5 implies that for every a 0 the process X au ; u 1 is a semimartingale relative t o i t s o wn ltration. So the integrals in 4 can also be understood in the usual sense of stochastic integration with respect to a semimartingale.
As observed by Lamperti 20 , the formulae X r = r H Z log r ; Z u = e ,uH X e u 6
set up a one-to-one correspondence between H-self-similar processes X r r 0 and stationary processes Z u u2R . Provided the integrals involved are well de ned, Theorem 1 and Corollary 2 could even be generalized to an H-self-similar process X r without the assumption of independent increments, to construct Ornstein-Uhlenbeck processes Z u and Z ,u associated with two processes with stationary increments Y + t a n d Y , t derived from X r via 4.
It is well known that if X r r 0 is an H-self-similar L evy process, then necessarily H 1=2. The process X r r0 , with X 0 := 0, is then commonly known as a strictly -stable L evy process for = 1 =H 
Our formulation of Theorem 1 was suggested by consideration of the selfsimilar additive processs derived from the rst and last passage times of a Bessel process R t ; t 0 with positive real dimension = 2 1 + 0, started at R 0 = 0. See 7, 11, 14, 18, 25 for background. It is well known 21 that a Bessel process is 1 2 -self-similar and hence that the rst and last passage times Markov property o f R t a t t i m e T r , and the last exit decomposition of R t at time r , e a c h of the processes T r a n d r has independent increments. In Section 3.2 we recall some known descriptions of the laws of T r and r , and deduce corresponding descriptions of their BDLP's from 2.
In Section 3. 
